In this work a static solution of Einstein-Cartan (EC) equations in 2+1 dimensional space-time is given by considering classical spin-1/2 field as external source for torsion of the space-time. Here, the torsion tensor is obtained from metricity condition for the connection and the static spinor field is determined as the solution of Dirac equation in 2+1 spacetime with non-zero cosmological constant and torsion. The torsion itself is considered as a non-dynamical field.
structure "the connection". According to Einstein's theory of relativity, the space-time has symmetric torsion free Levi-Civita connection (or Riemannian connection) ∇ . If we allow the space-time to have a metric tensor g νλ , together with the symmetry condition , Γ µ νλ = Γ µ λν , the metricity condition ∇ µ g νλ = 0 is obtained. This symmetry condition determines the connection ∇ µ uniquely. Then, the connection coefficients, the Christoffel symbols, are given only in terms of metric components
where sub indices represent the partial derivatives with respect to the coordinates. When torsion is taken into account, the connection coefficients defined by (1) no longer satisfy the symmetry condition and space-time becomes non-Riemannian. Thus, the Einstein's theory of gravity is generalized and modified to the Einstein-Cartan (EC) theory. According to the EC theory, affine connection is non-symmetric and the geometry can be determined by two independent properties "the metric" and "the torsion". If ∼ represents the quantities written in the space-time with torsion, the torsion tensor T is defined in terms of the antisymmetric connection coefficients as follows:
If we impose the metricity condition,∇ µ g νλ = 0, additionally, the spacetime is called Riemann-Cartan and the metricity condition enables us to define the connection in terms of metric and torsion in a unique waỹ
In this equationΓ (2) is anti-symmetric with respect to first two indices and by using the metricity condition given by (3) we get the result K ρ µν g ρλ + K ρ µλ g ρν = 0 , or K µνλ + K µλν = 0 which means the contorsion tensor is anti-symmetric with respect to its last two indices. The curvature tensor in spacetime with torsion is defined in terms of spacetime connection coefficients
and the Ricci tensor and the Ricci scalar are given bỹ
Now, the field equations which have to be satisfied in space-times with torsion are called Einstein-Cartan equations
Here κ is the gravitational, Λ is the cosmological constant and t µν is the energy-momentum tensor. The equation (8) means that torsion is related to the classical spin of the matter distribution S µ νλ . For brevity we will take κ = 1 in our further calculations.
III. 2+1 DIMENSIONAL SOLUTION WITH CLASSICAL SPIN-1/2 SOURCE
Consider the 2+1 dimensional space-time which has the following line element
Here v , w are radial coordinate r dependent functions. Let us consider a static external classical spin-1/2 field ψ which is coupled to space-time as source of torsion. Thus, the considered space-time has non-zero torsion.
If we impose the metricity condition (3) for the metric (9), the non-zero connection coefficientsΓ ρ µν are obtained as follows:
Here connection coefficients are obtained in terms of an arbitrary function u = u(r) which is to be determined by the field equations and the Dirac equation. In these relations we see that u(r) characterizes the torsion. As u → 0 torsion becomes zero. Then, the connection coefficients become symmetric and thus, the Riemannian case is obtained.
Non-zero components of curvature tensor (6) arẽ
and the curvature scalar of the spacetime is
When u is taken zero, the Riemannian situation is obtained. In the presence of torsion, non-zero components of the totally anti-symmetric torsion tensor, defined by (2), become
Since the torsion tensor is totally anti-symmetric, spin distribution (8) belonging to matter field, takes the form
In this work we consider classical spin-1/2 matter field, which is source of the torsion. In addition to contributions coming from ordinary matter forms, energy-momentum tensor in (7), in general, also includes spin-torsion interactions. In 2+1 dimensional space-time, however, spin-torsion interaction term becomes zero; therefore, it does not contribute to t µν . Thus, energy momentum tensor t µν given in (7) consists only of the spin-1/2 field matter part and it is defined in the torsion background by
Here Γ µ is the spinor connection,ψ is conjugate of the spinor field ψ having the relationψ = ψ † γ 0 . In an orthonormal frame the metric tensor of space-time can be expressed in the following way: where η ab = (−, +, +) is 2+1 Minkowski metric. Raising and lowering of indices are made by using the metric tensor g µν ,
The spinor connections Γ µ are defined as follows
where γ a 's (a = 0, 1, 2) , are 2+1 dimensional Minkowski gamma matrices
ab , and curved space-time gamma matrices γ µ can be obtained from flat space gamma matrices by means of orthonormal base transformation γ µ = e µ a γ a satisfying the relation {γ µ , γ ν } = −2g ab . Spinor fields in 2+1 dimensions are given in terms of their components as
where "*" represents the complex conjugate of the functions. In this problem spinor field ψ and conjugate spinor field ψ are considered static r dependent functions only. An orthonormal base can be chosen in the following form for the spacetime (9)
Then, 2+1 dimensional curved space-time gamma matrices γ µ become
Non-zero components of the Einstein tensor defined by (7) for the metric (9) and torsion tensor (14) will satisfy the field equations
Here ′ denotes the derivative with respect to r. A set of solutions to 2+1 dimensional field equations can be found by solving differential equations (26, 29), but solution of the Dirac equation to be satisfied by spinor field will restrict us to a specific solution.
In general, the 2 dimensional spinor fields satisfy the following Dirac equations:
with mass m of the spinor field. Dirac equations in this background become
for the metric given in (9) . And a solution of Einstein-Cartan equations can be found as
By considering Dirac type static classical spin-1/2 field as the source of torsion of the space-time, a solution of 2+1 dimensional Einstein-Cartan equations is obtained. Here, torsion is taken a non-propagating field and couples to the spacetime via spinor field. In the beginning, we started with a general type of the spinor, it could either be Dirac or Majorana. But, during the calculations we see that the torsion tensor is determinative of the type of the spinor and only Dirac type source fulfills the equations.Therefore, the Dirac equation determines the final form of the metric.
In the further works, it will be interesting to work with 3+1 and higher dimensional spacetime and to examine whether the torsion tensor forms a certain structure and restricts the type of the spinor field to the Dirac or Majorana type in general.
